A diagrammatic calculus of syllogisms is introduced and discussed. We will prove that a syllogism is valid if and only if its conclusion follows from its premisses by calculation.
Introduction
The main aim of the present paper is that of introducing and discussing a diagrammatic calculus of syllogisms. As it will be apparent, a feature of the calculus is that of being algorithmic, in the sense that in order to understand and use it, no specific knowledge or ability is required. To the author's knowledge, another diagrammatic approach based on directed graphs already exists, see [8] , whereas for a category theoretic point of view, the reader may consult [3] . In section 2 we summarize some well-known facts on syllogisms. In section 3 we will introduce and discuss the calculus. In section 4 we will comment on some peculiar aspects of the calculus and its development. It is our opinion that further directions of investigation could be pursued in connection with computer science, particularly referring to [1] and [2] or more in general to what concerns knowledge representation, see [9] . I acknowledge Pino Rosolini for the many useful conversations.
Preliminaries on syllogisms
Most of the material that forms the present section is taken from [6] and [7] , to which we refer the interested reader for further details on the subject.
In this section and in the sequel of the paper, we will sometimes refer to "tradition", loosely meaning the medieval systematization of syllogistic, the first one remaining that of Aristotle. Moreover, we will also refer to nouns, adjectives or more complicated expressions of the natural language as to terms, generically, and denote them by using upper case letters which we will also call term-variables.
Since Aristotle, the following four kinds of propositions were recognized as fundamental throughout the research in logic:
A AB : All A is B (universal affirmative proposition) E AB : No A is B (universal negative proposition) I AB : Some A is B (particular affirmative proposition) O AB : Some A is not B (particular negative proposition)
Following the tradition, we will henceforth refer them to as categorical propositions. In each of them, the term-variable A is the subject whereas the term-variable B is the predicate of the proposition. Thus, "All the dogs are black" or "No cat is white" or "All the babies that cry are polite" are examples of categorical propositions. What is left somewhat implicit in categorical propositions is the reference to a certain universe of discourse, simply called universe in the sequel. The reference to such a universe is made explicit in their graphical representation by the usage of Venn diagrams, as follows:
where, in each of them, the surrounding square represents the universe and in this, the marked white areas inside or outside a circle represent those zones where no information is known and nothing can be said about their emptyness or inhabitation. The circles labelled by A or B represent the zones where the elements of the universe satisfying A or B can possibly be found, respectively. Thus, the white area outside the circles possibly contains elements of the universe that are not A nor B. The little white circles establish the absence of elements in the area that they mark, whereas the little black circles establish the possibility of finding elements in the area that they mark. Let us now observe in passing that the diagram
at the same time, verifies A and E, and falsifies O and I. It shows that I does not follow from A and that O does not follow from E, in general.
So far, nothing depended on any implicit assumption of unemptyness of the universe, and in fact no such assumption is needed. On the other hand, there are cases in which such an assumption plays an important rôle, as we will see below. In order to represent explicitly the actual existence of elements in some part of the universe, that is its inhabitation, we introduce the symbol * . For example, the diagram
express the fact that I follows from A if one explicitly assumes the actual existence of some A. Symmetrically, by exchanging the rôles of A and B, the diagram
express the fact that I follows from A if one explicitly assumes the actual existence of some B. Notice that, in both cases, once • has been placed, the position of * is forced. Analogously, the diagram
shows that O follows from E if one explicitly assumes the actual existence of some A.
A syllogism is a rule of inference that involves three categorical propositions that are distinguished by referring them to as first premise, second premise and conclusion. Moreover, a syllogism involves exactly three term-variables S , P and M in the following precise way: M does not occur in the conclusion whereas, according to the traditional way of writing syllogisms, P occurs in the first premise and S occurs in the second premise. The term-variables S and P occur as the subject and predicate of the conclusion, respectively, and are also referred to as minor term and major term of the syllogism, whereas M is also referred to as middle term.
Remark 2.1. Before going further on, we hasten to observe that to be honest what we are simply referring to as syllogisms are traditional syllogisms in the terminology of [4] , where a detailed discussion of the difference between this notion and that of Aristotelian syllogism can be found. Such a difference will not affect the present treatment. For sake of completeness we here only mention that in strict terms an Aristotelian syllogisms is a proposition of the type "If A and B then C", whereas a traditional syllogism is a rule of inference with two premisses and one conclusion like "A, B therefore C", which in its entirety does not form a compound proposition. Thus, whereas an Aristotelian syllogism can either be true or false, a traditional syllogism can either be valid or not.
The mood of a syllogism is the sequence of the kinds of categorical propositions by which it is formed. The figure of a syllogism is the position of the term-variables S , P and M in it. There are four possible figures as shown in the following table: fig. 1 fig. 2 fig. 3 
A syllogism is completely determined by its mood and by its figure together. For example, in the syllogism
it is possible to recognize from left to right the first premise, the second premise and the conclusion, moreover its mood, which is AAA, and its figure which is the first one. A valid syllogism is one for which it is not the case that the universe verifies its premisses without verifying its conclusion. Venn diagrams can be used to verify the validity of syllogisms. One considers a universe and three circles in it, each intersecting the other two, and starts representing the premisses of the syllogism. In doing this the universal premisses, affirmative or negative, have to be represented first, since their representation allows to affirm certainly the emptyness of some areas of the diagram. The application of this procedure permits to obtain, in the case of a valid syllogism, the representation of the conclusion. For example, the syllogism
is not valid, since the diagram
shows that the premisses are verified whereas the conclusion is not. On the other hand the syllogism
is valid, as shown by diagram
The following table lists some of the valid syllogisms: fig. 1 fig. 2 fig. 3 (8) Additionally, there are syllogisms that are valid under the further explicit assumption of an inhabitated universe of discourse. They are the following: fig. 1 fig. 2 fig. 3 fig. 4 assumption AAI AEO AEO there is some S EAO EAO there is some S AAI EAO there is some M EAO there is some M AAI there is some P (9) They can be discussed by using Venn diagrams and the symbol * . For example, the syllogism
is valid under the explicit assumption that there exists some M, as confirmed by the diagram
• in which, once the premisses of the syllogism have been represented, the position of the symbol * is forced.
The calculus
In the present section we introduce a diagrammatic calculus of syllogisms on the base of which, the valid syllogisms will turn out to be exactly those whose conclusion follows by calculation.
To each kind of categorical proposition we associate a corresponding diagrammatic representation, that is
which in their entirety will be henceforth referred to as Aristotelian diagrams and where the letters A and B are term-variables that stay for subject and predicate, respectively. Each Aristotelian diagram has a corresponding dual, namely
Two or more Aristotelian diagrams, and their duals, can be concatenated and reduced, if possible. In such a concatenation, a reduction applies by formally composing two or more consecutive and accordingly oriented arrow symbols separated by a single termvariable, thus deleting it. Such a reduction will be henceforth referred to as syllogistic inference. By means of syllogistic inferences, Aristotelian diagrams can be used to verify the validity of syllogisms. This is obtained by using three Aristotelian diagrams, as the first premise, the second premise, and the conclusion of the syllogism. Moreover, these involve three distinguished term-variables, denoted S , P and M, in such a way that M occurs in both the Aristotelian diagrams in the premisses and does not in the conclusion, whereas S and P occur in the conclusion as well as in the premisses. Following tradition, P will occur in the first premise whereas S in the second. We will show that a syllogism is valid if and only if there exists a syllogistic inference from the concatenation of the Aristotelian diagrams in the premisses to the Aristotelian diagram which is the conclusion. Syllogistic inferences will be represented by diagrams filled in with the symbol | = upside down, so to explicitly underline the fact that the notion of syllogistic inference is a directed one. Thus, for example, the syllogistic inference associated with the valid syllogisms (7) is
whereas, the syllogism (6) is not valid since its conclusion cannot be obtained by syllogistic inference, as shown by diagram
in which no formal composition can be computed to delete the middle term M and no symbol | = occurs.
Remark 3.1. We observe that in applying a syllogistic inference no bullet symbol gets deleted. More precisely, the Aristotelian diagram which is the conclusion of a syllogistic inference contains as many bullet symbols as in the Aristotelian diagrams for the premisses. This fact turns out to be useful in showing that a syllogism is not valid. So, even without drawing diagram (12), syllogism (6) is not valid since a single bullet symbol occurs in the conclusion, whereas three of them occur in the premisses. However, this criterion not always apply. It suffices to consider the syllogistic inference
in which as many bullet symbols occur in the premisses as in the conclusion, that we could be tempted to label (O PS )
• , but doing this would mean the interchanging of the rôles played by the term-variables S and P.
The following lemma lists the concatenations of pairs of Aristotelian diagrams to which a syllogistic inference may apply.
Lemma 3.2.
A syllogistic inference applied to a concatenation of two Aristotelian diagrams yields an Aristotelian diagram in exactly the following cases:
Proof. Clearly, syllogistic inference applies to each of the diagrams listed in the statement and, making M disappear, yields an Aristotelian diagram involving only S and P, as a conclusion. Conversely, by also keeping in mind remark 3.1, we proceed by cases:
(a) the only way to obtain S → P as a conclusion of a syllogistic inference is by (i), since no bullet symbol is allowed to occur in the conclusion.
(b) the only way to obtain S → • ← P as a conclusion of a syllogistic inference is by either (ii) or (iii), since exactly one bullet symbol must occur in the conclusion with two arrow symbols converging to it.
(c) similarly, the only way to obtain S ← • → P as a conclusion of a syllogistic inference is by either (iv) or (v), since exactly one bullet symbol must occur in the conclusion with two arrow symbols diverging from it.
(d) the only way to obtain S ← • → • ← P as a conclusion of a syllogistic inference is by either (vi), (vii) or (viii), since exactly two bullet symbols must occur in the conclusion, together with three alternating arrow symbols.
Notation 3.3. Henceforth, the concatenation of Aristotelian diagrams will be denoted by ♯ and the syllogistic inferences also written in line, so that for example the syllogistic inference represented by diagram (11) will be also written
The next theorem shows that the moods in table (8) are exactly those that correspond to syllogisms shown to be valid by the method of syllogistic inference.
Theorem 3.4.
A syllogism is valid if and only if there is a (necessarily unique) syllogistic inference from its premisses to its conclusion.
Proof. On one hand it suffices to construct explicitly a suitable syllogistic inference for each of the syllogisms in table (8) , as follows:
On the other hand, it suffices to construct syllogistic inferences to a given possible conclusion.
-By lemma 3.2 (i), the only way to obtain A S P as a conclusion is represented by the diagram S
which exactly corresponds to the syllogistic inference
validating the mood AAA in the first figure.
-By lemma 3.2 (ii) and (iii), the only ways to obtain E S P as a conclusion, are represented by the two diagrams
The leftmost can be read as either the syllogistic inference
which validate the mood AEE in the second and fourth figures, respectively. The rightmost can be read as either the syllogistic inference
which validate the mood EAE in the first and second figures, respectively.
-By lemma 3.2 (iv) and (v), the only ways to obtain I S P as a conclusion is represented by the two diagrams
which validate the mood IAI in the third and fourth figures, respectively. The rightmost can be read as either the syllogistic inference
that validate the mood AII in the first and third figures, respectively.
-By lemma 3.2 (vi), (vii) and (viii), the only ways to obtain O S P as a conclusion is represented by the three diagrams
The first can be read as any of the syllogistic inferences
that validate the mood EIO in all the figures. The second can be read as the syllogistic inference
that validates the mood OAO in the third figure. The third can be read as the syllogistic inference
validating the mood AOO in the second figure.
Remark 3.5. After theorem 3.4, it is an easy exercise to read off the well-known rules of syllogism from the list in lemma 3.2. Recall that the first premise appears on the right of a concatenation.
(1) From two negative premisses nothing can be inferred.
(2) From two particular premisses nothing can be inferred.
(3) If the first premise of a syllogism is particular, whereas its second premise is negative, then nothing can be inferred.
(4) If one premise is particular, then the conclusion is particular.
(5) The conclusion of a syllogism is negative if and only if so is one of its premisses.
For every term-variable A, particularly interesting instances of Aristotelian diagrams are the following:
which must be read as
respectively. The diagrams A AA and I AA are referred to as laws of identity, see [4] . In particular, I AA will be referred to as an assumption of existence, since it affirms the inhabitation of A whereas, on the contrary, E AA affirms its emptyness. The diagram O AA is an expression of the principle of contradiction, which fact will be more clearly illustrated in section 4. Thus, possible representations of the previous particular Aristotelian diagrams in the formalism of Venn diagrams are (9), by taking into account assumptions of existence of the forms I S S , I MM or I PP . The first step toward that direction is lemma 3.6 below .
Lemma 3.6.
A syllogistic inference applied to a concatenation of two Aristotelian diagrams and one assumption of existence yields an Aristotelian diagram in exactly the following cases:
Proof. On one hand, it is clear that syllogistic inference applies to the diagrams listed in the statemement and, making M disappear, yields an Aristotelian diagram involving only S and P as a conclusion. On the other hand, by also keeping in mind remark 3.1, we proceed by cases:
(a) There is no way to obtain S → P as the conclusion of a syllogistic inference under any assumption of existence of the form I S S , I MM or I PP , because of the presence of one indelible bullet symbol in any of these.
(b) There is no way to obtain S → • ← P as the conclusion of a syllogistic inference under any assumption of existence of the form I S S , I MM or I PP , because of the presence of one indelible bullet symbol in any of these, together with two morphisms diverging from it.
(c) The only ways to obtain S ← • → P as the conclusion of a syllogistic inference, under any assumption of existence of the form I S S , I MM or I PP , is by either (i), (ii) or (iii), since exactly one bullet symbol must occur in the conclusion together with two morphisms diverging from it.
(d) There is no way to obtain S ← • → • ← P as the conclusion of a syllogistic inference under the assumption of existence I PP , since such an assumption necessarily yields a conclusion of the form S · · · • → P which by no means can be S ← • → • ← P. The only ways to obtain S ← • → • ← P as the conclusion of a syllogistic inference, under any assumption of existence of the forms I S S or I MM , is by either (iv), (v) or (vi), since exactly two bullet symbols must occur in the conclusion, together with three alternating morphisms.
The next theorem shows that the moods in table (9) are exactly those that correspond to syllogisms with assumption of existence shown to be valid by the method of syllogistic inference.
Theorem 3.7.
A syllogism with assumption of existence is valid if and only if there is a (necessarily unique) syllogistic inference from its premisses to its conclusion.
Proof. On one hand it suffices to construct explicitly a suitable syllogistic inference for each of the syllogisms of table (9), as follows:
On the other hand it suffices to construct a syllogistic inference to a given possible conclusion, by taking into account assumptions of existence.
Because of points (a) and (b) in the proof of lemma 3.6, there is no way to obtain the Aristotelian diagrams A S P and E S P as the conclusion of a syllogistic inference under any assumption of existence.
-By lemma 3.6 (i), (ii), (iii), the only ways to obtain the conclusion I S P under the assumptions I S S , I MM or I PP are represented by the three diagrams
/ / P which can be read as the syllogistic inferences
respectively, validating the mood AAI in the first, third and fourth figure.
-By lemma 3.6 (iv), (v), (vi), the only ways to obtain the conclusion O S P is under the assumptions I S S or I MM , as represented by the three diagrams
the first of which can be read as either the syllogistic inference
that validate the mood EAO in the first and second figures, respectively. The second diagram can be read as either the syllogistic inference
that validate the mood AEO in the second and fourth figures, respectively. The third diagram can be read as either the syllogistic inference
that validate the mood EAO in the third and fourth figures, respectively.
Further comments
For every term-variables A and B, the concatenation of the Aristotelian diagrams A AB , E AB and their duals, gives rise in particular to diagrams
which, can be read as a counterpart of diagram (1) . Notice that both reduce to
thus excluding the possibility of having elements in A. The corresponding syllogistic inferences are
respectively. Moreover, observe that E AA is all that can be obtained, since the remaining concatenations rising from A AB , E AB and the duals of these are
/ / B which do not reduce, thus showing that I AB and O AB are not obtainable respectively from A AB and E AB , in general, still according to diagram (1) . On the other hand, the syllogistic inferences
show that I and O follow from A and E under suitable assumptions of existence. More precisely, the first two respectively correspond to diagrams (2) and (3), whereas the last two both correspond to diagram (4) which fact, from the point of view of the calculus discussed in the previous section, is in line with the observation that their unlabelled diagrammatical representation
Traditionally, the four kinds of categorical propositions are given as lying at the vertices of a quadrilateral, precisely like
A E I O
which is usually referred to as square of opposition. In this, one with respect to the other the categorical propositions of kinds A and O as well as those of kinds I and E are linked by the relation of contradiction, whereas the relation of subalternation holds between those of kinds A and I as well as those of kinds E and O. Moreover, the categorical propositions of kinds A and E are linked by the relation of contrariety, whereas the relation of subcontrariety holds between those of kinds I and O. The previously discussed calculus of syllogisms allows to express these interrelations. In fact, for every term-variables A and B, the syllogistic inferences (13) and (14) express the well-known laws of subalternation, see [4] . The syllogistic inferences express the relation of contradiction, so that they could be referred to as laws of contradiction. Furthermore, we observe that the laws of contradiction are the only one where no explicit assumption of existence or emptyness of some of the term-variables involved occurs, as instead is the case for the laws of subalternation, with the assumption I AA , and those of contrariety and subcontariety, with the assumption E BB .
We now observe that, for every term-variables A and B, the Aristotelian diagram E AB recovers the notion of "interrupted arc" between A and B introduced in [8] . Consequently, in our formalism, two objects C and D are "mutually excluded", according to [8] We end the section by saying that in a subsequent paper we will show that the diagrammatic calculus of syllogisms extends to n-term syllogisms, n ≥ 1, that is syllogisms involving exactly n term-variables, those we dealt with so far being in fact 3-term ones, and that theorems 3.4 and 3.7 extend as well. Moreover, it is well-known, see [5] and [8] , that the number of valid n-term syllogisms is 3n 2 − n. Such a result will be easily retrieved by using the introduced calculus. In a suitable category theoretic framework we will also point out the existing connections between such a calculus and the rewriting of certain terms, on the base of suitable rewrite rules. Roughly speaking, the terms and the rewrite rules we will deal with are finite sequences of Aristotelian diagrams and the valid syllogisms, respectively.
